We show that a statistical theory of nanoparticle sensing emerges for the detection systems using a whisperinggallery-mode resonator in the large particle-influx regime. The statistical theory predicts that the number of particles adsorbed onto the resonator is accurately determined by the spectral shift of the center of the transmission spectrum and is independent of the intrinsic dissipations of the particles as well as the angular positions of the particles. Nanoparticle sensing has potential applications in many critical fields ranging from atmospheric particulate monitoring [1, 2] and contaminant determination in semiconductor manufacturing processes to nanomedicine [3] . Recently, a whispering-gallery-mode (WGM) resonator has been demonstrated to be powerful in nanoparticle detection with singleparticle sensitivity in the regime where the size of the particles is much smaller than the wavelength of the probing light [4] [5] [6] [7] [8] [9] . Nonetheless, many practical real-world applications involve a particle flux that is several orders of magnitude larger. For example, in arc welding the concentration of metal oxide is ∼10 6 cm −3 [10]; a large concentration of particles also exists in the ambient atmosphere [11], combustion [12], or on-road aerosol due to traffic exhaust emissions [13] . In this paper we show that a statistical theory emerges in the large particle-flux regime, which enables accurate determination of the number of nanoparticles adsorbed onto the resonator by measuring the transmission spectra; the number of particles is accurately determined by the spectral shift of the center of the transmission spectrum, which is experimentally measurable and remarkably independent of the intrinsic dissipation of the particles as well as the angular positions of the particles. In contrast, in a typical scattering experiment, the nanoparticles scatter probing light weakly if the size of the particles is much smaller than the wavelength of the light. Moreover, the system using WGM resonators provides a robust experimental platform for particle-number resolving detection, as there is no need to perform sophisticated angle-dependent measurements for particles; rather, a straightforward measurement of a one-dimensional transmission spectrum is sufficient.
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The system of interest is depicted schematically in Fig. 1 , which consists of a WGM resonator (with a resonance frequency ω c ) side coupled to a tapered single-mode optical fiber. A perfect WGM resonator supports a pair of degenerate counterclockwise (CCW) and clockwise (CW) propagating modes. The presence of the intrinsic dissipation rate γ c of each WGM pulls down a transmission dip in the otherwise flat transmission spectrum [14] [15] [16] . In a nonperfect resonator with surface imperfection, the two modes are coupled due to the induced backscattering by the surface imperfection. The nanoparticles are adsorbed onto the resonator due to the * jushen@ese.wustl.edu evanescent field of the WGMs. In a typical detecting scheme, a weak coherent laser beam is coupled into the fiber; after propagating around the WGM resonator and interacting with the adsorbed particles, the transmitted signal at the output is measured.
The presence of the surface imperfection breaks the degeneracy of the two WGMs and splits the single transmission dip into a symmetric doublet in the under-coupling regime [16, 17] . Physically, an adsorbed particle acts effectively as a local position-dependent surface imperfection, which also backscatters the two WGMs and thus similarly gives rise to a transmission doublet structure as well. Nonetheless, in contrast to the symmetric transmission doublet induced by the long-range surface imperfection, the two dips in the doublet induced by the nanoparticle are in general asymmetric, with unequal linewidths and depths, due to the intrinsic dissipation of the particles. When more than one particle is adsorbed, interparticle scatterings occur, which give rise to an interference term that depends on the relative angular positions of the particles [18] .
In this paper we consider the detection of Rayleigh scatterers, which are nanoparticles that do not have a distinct resonant peak within the frequency range of interest, such as polystyrene and off-resonance molecules. The Rayleigh particles are polarized by the evanescent electric field and the interaction between the particles and the resonator is described by H I = − p · E, where p = 0 α E is the induced dipole moment of the particle; α is the complex polarizability of the particle, which characterizes the backscattering strength of the particle; and E is the electric field at the location of the nanoparticle, which is a linear combination of the two WGMs. The WGMs take the form E 0 e ±imθ , where θ is the angular position of the particle and m is the order of WGM. The θ = 0 axis is perpendicular to the direction of the fiber [16] . Due to the induced backscattering, the resonant frequency ω c and the intrinsic dissipation of the WGM resonator are modified. Specifically, when N Rayleigh particles, characterized by the complex polarizabilities and angular positions {α j ,θ j }, j = 1, . . . ,N, are adsorbed onto the resonator, the transmission amplitude for the statistical case can be generalized using the method developed in Ref. [18] : Here ω is the frequency of the probing light; is the tunable resonator-fiber coupling; c = ω c − 2Ngᾱ r and γ = γ c + 2Ngᾱ i are the normalized resonance frequency and intrinsic dissipation rate of the WGM resonator, respectively; g = 0 | E 0 | 2 /h, which has the unit of angular frequency per unit volume;ᾱ r andᾱ i are, respectively, the real and imaginary parts of the average polarizabilitȳ
, where the first term describes the scattering processes between the particles and the surface imperfection, which is characterized by h, and the second term describes the interparticle scatterings. When no particle is adsorbed I = 0 and Eq. (1) reduces to the transmission amplitude for the null case [16] . For any given {α j ,θ j } the transmission spectrum T (ω) ≡ |t(ω)| 2 has a doublet structure and the qualitative features are as discussed above. By requiring dT (ω)/dω = 0 the two transmission dips are found to be located at c ± Re I + |h| 2 , which indicates that c is the center of the dips. In addition, c is red-shifted for positivē α r and blueshifted for negativeᾱ r .
The transmission amplitude given by Eq. (1) depends upon the angular positions of the particles and is exact for any given set of {α j ,θ j } for a fixed number of particles N . In practice, however, one is interested in the inverse problem, that is, whether N can be determined from a measured transmission spectrum T (ω). We show that a statistical theory emerges at the large-N limit. In the statistical theory N is regarded as an unknown, while {α j } is considered as a set of random variables obeying some given distribution. Our theory indicates that N can be accurately determined regardless of the values of {θ j }, which in general are unknown. The enabling feature is that the spectral shift of the resonance frequency of the resonator S(N) = | c − ω c | = 2Ngᾱ r is proportional to N . Notably, S(N ) depends only onᾱ r but not the surface imperfection, dissipation, and the angular positions of the particles. The electric field | E 0 | can be determined by either a numerical simulation or from the measurement of S(N = 1) for the one-particle case.
As a concrete example we apply the statistical theory to the case when the sizes d of the particles are in a log-normal distribution: d ∼ ln N (ln d 0 ,(ln σ g ) 2 ), where d 0 is the geometric mean and σ g is the geometric standard deviation; i.e., the logarithm of the size of the particles is normally distributed. The empirical values of σ g ranges from 1.02 to 2.4. The log-normal distribution is skewed to the larger value and is frequently adopted in modeling the size distribution of real-world particles [19] . We emphasize that the statistical theory described here can be equally applied to other distributions as well. For a spherical particle with diameter d, the polarizability is given by
Here p is the permittivity of the particle and m is the permittivity of its surrounding medium. From the distribution of d, the distribution of the polarizability α(d) can be computed. We will use μ ≡ μ r + iμ i to denote the mean complex polarizability and σ r and σ i to denote the standard deviation of the real and imaginary parts of {α j }, respectively; μ r is given by
; x]dx, where p [distribution; x] stands for the probability density function for the distribution evaluated at x. According to the central limit theorem, the distribution ofᾱ r obeys the normal distribution N (μ r ,(σ r / √ N ) 2 ); thus the probability is approximately 68% thatᾱ r is within one standard deviation of the mean and approximately 95% that it is within two standard deviations. Accordingly, S(N ) = 2gNᾱ r has a probability of 68% of falling into [2Ngμ r − 2 √ Ngσ r ,2Ngμ r + 2 √ Ngσ r ]. An estimate of the number of particles N m is obtained by requiring S(N ) ≡ 2gN m μ r , which yields
where σ N ≡ √ Nσ r /μ r is the standard deviation. Consequently, when N or N m is large, N m /N approaches 1 and one can substitute N m for N in σ N to calculate the error. Equation (2) is the principal result of the statistical theory.
To validate the statistical theory we present in the following the results of M independent gedanken experiments. In each experiment N diameters of the particles d are sampled from a log-normal distribution ln N ( ln d 0 ,(ln σ g )
2 ) and their angular positions {θ j } are randomly distributed in [0,2π ). Without losing generality, we assume that d 0 = 20 nm. We also assume that = 1 MHz, γ c = 1 MHz, h = 0, and gα r (d 0 ) = 0.1 MHz. The particle dissipation is equivalently specified by the ratio of α r (d 0 )/α i (d 0 ). The conclusion of the statistical theory does not depend on the choice of these numbers. . Three representative transmission spectra with different particle dissipations and angular positions are also plotted (Fig. 2, bottom) . We next investigate the effects of different values of σ g for fixed N , as shown in Fig. 3 . Both μ r and the full width at half maximum (FWHM), which represents the standard deviation, increases as σ g becomes larger. Again, the results from the gedanken experiments agree with the statistical theory. For each σ g a representative transmission spectrum is also plotted. When σ g is 2.0 the FWHM of the diameter distribution is 22 nm and d ranges from 6 to 28 nm. Nonetheless, N m can still be estimated fairly accurately even when σ g is large. Table I tabulates the relative error of N m when σ g increases from 1.1 to 2.4; at σ g = 1.5 the relative error is 8% and when σ g = 2.0 it becomes slightly less than 40%.
Finally, we consider the cases in which the number of particles N is varied. Figure 4 (16 kHz) 2 ), N ( − 273 kHz,(11 kHz) 2 ), and N ( − 273 kHz, (9 kHz) 2 ), respectively. The standard deviation per particle is suppressed by √ N . Figure 4 (b) plots one transmission spectrum for each N . When N increases, the two transmission dips are broadened, as the total dissipation is proportional to N .
In conclusion, in this paper a statistical theory is developed that allows accurate determination of the number of nanoparticles adsorbed onto a WGM resonator. Here we make a few comments on the practicality and the applicability of the statistical theory. Our statistical theory assumes that the density coverage of the particles is not very large, i.e., no two nanoparticles are in close proximity to each other such that the mutual polarization can be neglected. For a WGM resonator with a diameter of D = 30 μm, approximately πD/d 0 ≈ 4700 particles can be accommodated (d 0 = 20 nm). In the gedanken experiments the covering ratio is roughly 500/4700 ≈ 0.1, which justifies the neglect of the mutual polarization. Our theoretic framework, however, can be extended to a high-density scenario by taking into account the mutual polarization. Also we note that many real-world nanoparticles form agglomerates. We speculate that a hierarchical statistical theory can be further developed on top of the one described here. Furthermore, the same procedures described herein can be readily applied at finite temperatures. When the evanescent field E 0 (T ), the complex polarizability α(T ), and the resonator frequency ω c (T ) become temperature dependent, the spectral shift of the center S(N ) = 2g(T )Nᾱ r (T ) remains independent of ω c (T ). These possibilities greatly extend the applicability of the statistical theory.
